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ABSTRACT 

We in t roduce  and  s t udy  a class ld~ of l l - embeddab le  metr ics  corre- 

sponding  to a given metr ic  p. Th i s  class is defined as the  set of  all convex 

combina t ions  of p -domina ted  line metr ics .  Such metr ics  were implicit ly 

used  before in several  cons tuc t ions  of low-distort ion embeddings  into lp- 
spaces,  such  as Bourga in ' s  embedd i ng  of an  a rb i t ra ry  metr ic  p on n points  

wi th  O(log n)  distort ion.  Our  ma in  resul t  is t ha t  the  gap be tween  the  

dis tor t ions  of embedd ing  of a finite metr ic  p of  size n into 12 versus  into 

ld~ is at  mos t  O( l ove ' S ) ,  and  t h a t  this  b o u n d  is essential ly t ight .  

A significant par t  of  the  paper  is devoted to proving lower bounds  on 

dis tor t ion of such  embeddings .  We also discuss some general  proper t ies  

and  concrete  examples .  
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1. I n t r o d u c t i o n  

Approximate embeddings of finite metric spaces into/p-spaces were first stud- 

ied mainly in connection with problems in Functional Analysis (Local Theory 

of Banach spaces; see, for instance, [6], [7], [14], [4]). Currently they consti- 

tute a rich research area with intimate links to Functional Analysis, to classi- 

cal questions of Combinatorial Optimisation, and to the design of approximate 
algorithms. In the last area, it offered new paradigms which allowed one to solve 

long-standing open problems. A partial list of results and applications includes 

[16, 15, 2, 9, 18, 12]. 

Let (X, p) be a metric space. If f :  X --~ Z is an embedding of X into a normed 

space (Z, I1.11), we say that f has d i s t o r t i on  a t  mos t  D if we have 

1 
~llf(x) - f(y)][ < p(x,y) < ll/(x) - f(y)ll for all x,y �9 X 

(that is, f is non-expanding and contracts each distance by the factor of at most 

D). For (X, p) finite, we define cp(p) as the infimum of D > 1 such that there 

is an embedding with distortion at most D into l~ n (for some natural number 
m m). Here lp denotes the space R m with the norm IIx]lp -- (Z i= l  ]xilP) l/p" For 

(X, p) infinite, we define Cp(p) as the supremum of Cp(T), where T is p restricted 
to a finite subspace of X (in this way, we avoid discussion of infinite-dimensional 

/p-spaces). 

The most important cases, both theoretically and practically, are p = 1 and 

p = 2. Much of the existing theory deals with finding good bounds on cl (p) and 

c2 (p), under various conditions on p, and with constructing mappings achieving 

optimal or near-optimal distortions. 

In this paper we introduce and study certain subclasses of/1-metrics. For each 
finite metric space (X, p), we define a class/dom(p) of metrics onX. Such metrics 

have been used implicitly before. They appear, e.g., in Bourgain's proof [4] show- 

ing that each n-point metric p can be embedded into 12 with distortion O(log n), 

and in Rao's [18] improvement of this construction for metrics of a special type 

(see Section 6 below for an example of such construction). The metrics in/dom(p) 

have a relatively simple structure, yet many interesting properties, and a better 

understanding of such metrics may well prove rewarding. 

Let (X, p) be a finite metric space. A p - d o m i n a t e d  line me t r i c  on X is a 

metric 7 induced by a nonexpanding (1-Lipschitz) embedding of (X, p) into the 

real line. Explicitly, 7(x,y) = I r  r p(x,y) for some nonexpanding 
mapping r X -+ R. The class ld~ consists of all metrics on the ground set 
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X that are convex combinations of p-dominated line metrics on X; that is, 

/dora(p) = (~O-i: c~i > 0, c~i = 1, r l , . . . ,  Tm p-dominated line metrics . 

Clearly, each metric T in/dom(p) can also be viewed as induced by a nonexpanding 

embedding CT: (X, p) --+ l~, whose ith coordinate (r is given by c~i times the 

nonexpanding embedding of (X, p) into ]R inducing Ti. We define 

cd~ = inf{D: there is a T �9 /dom(p) such that  r is a D-embedding}. 

In order to define cd~ for an infinite metric space, we again take the supre- 

mum over all finite subspaces; also see the remark at the end of this section. 

Two important properties of cd~ were established by Bourgain [4]. First, 

his proof gives 
cd~ _< O(logn) 

where n, as usual, stands for the size of the underlying space. The bound is 

tight, since by [15], the shortest-path metric of a constant-degree expander graph 

achieves cl (p) = Dr(log n).* 

The second property of c d~ is 

c~O'(p) > ~(p). 

(Note that we have the reverse  inequality for unrestricted eInbeddings into/1:  

for all p, c l (p )  <_ c2(p); see, e.g., [15].) For completeness, here is an explanation. 

Let ~- be the metric in Idom(p) closest to p (i.e., attaining cd~ and assume 

that T is a convex combination of p-dominated line metrics T~: 

m 

T ~ Z C~iTi" 
i = 1  

Write xi = (r Then the mapping 

{ I/2 i/2 f : x ~ i ,  ai xl, . . . ,~m x,~)�9 "~, x e X  

from (X, p) to l~ n has distortion at most cd~ Indeed, on the one hand, 

IlI(x) - / (v ) l l~  = ~ ~lx~ - y~l 2 _< p(x, y)2 
i = 1  

* The notation f = ~(g) is equivalent to g = O(f), and f = O(g) means that both 
f = O(g) and f = ~(g). 
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while, on the other hand, 

Ill(x) - f(y)ll2 = (~i[xi - yi] 2 >- ~ ai lxi  - yil >- 
i=1 

We remark that a similar argument gives cd~ _> cp(p) for all p, 1 _< p < c~. 

The central issue of this paper is the estimation of the gap between c2(p) and 
cd~ As was mentioned above, c2(p) <_ cd~ We show that for a finite 

metric space (X, p) with IX] = n, we always have cd~ = O ( ~ ) C 2 ( p ) ,  and 

that  this bound is essentially tight. Using a probabilistic construction, we exhibit 

a family of metric spaces Pn for which c d~ (pn) = ~ (v/log n/log log n)c2 (p~). 
In order to obtain the lower bound, it is first shown that  cd~ = O(v~) ,  

where S n is the Euclidean n-sphere equipped with its geodesic metric. Then a 

discrete analogue of this result is obtained for a suitable finite random subset of 
S n . 

Finally, we also discuss two examples of non-obvious embeddings of special 
metric spaces into/dom. 

R E M A R K S  ON THE DEFINITION OF c d~  FOR INFINITE METRIC  SPACES. For an 
infinite metric space (X, p), we have defined cd~ as the supremum of cd~ 

over finite submetrics r of p; thus, we have postulated a "compactness" property. 
A natural way of introducing the corresponding set/dom(p) of metrics seems to be 

the following. Let A(p) denote the set of all p-dominated line metrics. Consider 
A(p) as a subspace of the space R x • with the product topology; in other words, 

with the topology of pointwise convergence of functions on X x X. We define 

/dora(p) as the closure of the convex hull of A(p) in this topology (for X finite, 

conv(A(p)) is closed, and so the new definition agrees with the one given earlier 

for finite spaces). 
Having defined /dora(p) for an infinite p, we can now define cd~ as the 

infimum of the distortions of the identity mapping (X, p) --~ (X,/5), where/5 E 
ld~ Let us check that this agrees with the previous definition of ca~ 

via finite subspaces. Since the new definition gives no new metrics on finite 

subspaces, the distortion according to the new definition cannot be smaller than 

the one from the old definition. To see the opposite inequality, we first note that  

/dora(p) is compact, being a closed subspace of the product of the closed intervals 

[0, p(x, y)], x, y e X. Suppose that cd~ < D for all finite subspaces (Y, T) 

of (X, p). For each (Y, T), define F y  as the set of all p E ld~ that,  when 

restricted to Y, distort T by at most D. We observe that any r-dominated line 

metric on Y can be extended to a p-dominated line metric on X; this follows 
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from McShane's theorem, stating that  any 1-Lipschitz real function defined on 

a subspace of a metric space can be extended to a 1-Lipschitz function on the 

whole space (see, e.g., [20]). It follows that Fy r O. Each Fy is closed, and 

for finite ]"1, Y2, . . . ,  Yk, we have Fy 1 N Fy 2 A . . . N Fy~ ~ FY~u...oYh • O. Hence 

the family {Fy}  has a nonempty intersection, and any metric in the intersection 

distorts p by at most D. 

For some of the subsequent proofs, it is convenient to note that /dom(p) as 

defined above contains "infinite convex combinations" of the p-dominated line 

metrics. Namely, if # is a Borel probability measure supported on A(p), then the 

metric ~ given by/5(x, y) = fh(p) 7(x, y) diz(T) lies in /dom(p). 

Finally, we note that if (X, p) is compact, then Id~ coincides with the 

closure of conv(A(p)) in the supremum norm on C ( X  x X )  (uniform convergence). 

Indeed, the elements of eonv(A(p)), regarded as functions X • X --+ R, are 1- 

Lipschitz with respect to the product metric on X > X derived from p (the 

distance of pairs (x, y) and (z, t) is p(x, z) + p(y, t)). Thus, if (X, p) is compact, 

pointwise convergence of these functions is the same as uniform convergence. We 

omit more detailed discussion of these "infinite-dimensional" aspects, since we 

are mainly interested in finite metrics. 

2. T h e  geodes ic  m e t r i c  o f  S '~ 

We start with a simple observation about the n-dimensional Euclidean space. 

Let S n denote the n-dimensional unit sphere in •n+l, and let # ,  be the uniform 

probability measure on S ~. 

CLAIM 2.1: dom n Cl (12) = 

Proof" Let T~ be the dominated line metric of l~ obtained by the orthogonal 

projection of ]R " on the line defined by the center of S" and a point 0 6 S ". 

Consider the metric t5 defined by 

= f TO d#,(O). 
J S  

This is an element of /dora(p), where p is the Euclidean metric on l~ (see the 

remarks at the end of Section 1). The distortion of the identity mapping with 

respect to the metrics p and ~5 equals the expected length of projection of a 

random unit vector on a fixed line. It is well known (see, e.g., [17], Section 2) 

that this expectation is O(1 /v~) ,  implying the claim. | 

Combining Claim 2.1 with a simple observation that  the Euclidean metric of 

S" shrinks its geodesic metric by at most 7r/2, one gets 
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COROLLARY 2.2: cd~ n) = O(v/-n). 

Proving lower bounds is harder. Using the standard approach in such 

situations, let us first write cd~ in a dual form, more suited for the task. 

For simplicity, we use the discrete notation. By duality of linear programming 

(Farkas' Lemma, or separation of disjoint convex sets by a hyperplane), we have 

CLAIM 2.3: For any finite metric space (X, p), 

"n L(p) cd~ n ~ x m l  i - - ~ '  

where the maximum is taken over all nonnegative linear forms L(5) = 

)-~i,j~x aijSij, and the minimum is taken over all p-dominated line metrics ~'. 

Thus, in order to obtain a lower bound on cd~ it suffices to exhibit a 

single linear form L such that  L(p) is sufficiently bigger than maxr L(T). The 

main difficulty of this approach lies in bounding the latter expression. 

Our next goal is to obtain a lower bound on the distortion of the geodesic 

metric of S n. We shall use the approach outlined above (in a version for an 

infinite metric space). In order to make it work, we use the classical Levy's 

Lemma about the metric structure of S n. We follow [17], Chapter 2. 

Given a set K C_ S n and e _> 0, define K ~ as the set of all points x E S n that 

are at (geodesic) distance at most r from K.  

LEMMA 2.4 (Levy's Lemma): Let f:  S n -~ R be a continuous function, and 

denote by M f  its median, i.e., a number such that both the sets {x: f ( x )  < Mr}  

and {x: f ( x )  > Al l}  have measure >_ �89 Let A = {x: f ( x )  = Mr} .  Then 

#n(A ~) >_ 1 v ~ e  -~2(n-1)/2 i - -  

This lemma is easily derived from two results which we recall below (as we will 

need them later); for more information see, e.g., [17]. 

THEOREM 2.5 (Isoperimetric inequality for sphere): For any c _> 0 and any 

K C_ S"  with #n (K)  = ~, O < ~ < l, 

C ~  #,~(K ~) >_ #n( ~), 

where C~ denotes a spherical cap of measure ~. 
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The measure of  a spherical cap of  geodesic radius ~r/2 + E satisfies 

- ~ 8  " 
#n(C  ~1/2) > 1 e -~('~-1)/2 

This is a "spherical analogue" of the well-known Chernoff inequality for the 

binomial distribution, and it can be proved by more or less straightforward 

calculations. 

COROLLARY 2.7: Let f :  S n -+ R be a nonexpanding map. Then, for every t > O, 

there exists an interval It C R of  length t such that 

> 1 - ~ e  -t2<n-DIS. #n(f-llt) 

The corollary follows from Lemma 2.4: let It be the t/2-neighbourhood of 

I (A )  = M I ~ R and note that f ( A  t/2) C_ It since f is nonexpanding. 

COROLLARY 2.8: Let f:  S n --+ R be a nonexpanding map. Then, for every t >_ O, 

Pr~ • [If(x) - f(Y)l -> t] <__ v ~ e  -t~(~-x)/s. 

The corollary follows from Corollary 2.7 by bounding the probability that 

two randomly and independently chosen points of S n are not both mapped to It 

by f .  
We can now prove a lower bound on the distortion of embedding S n into l d~ 

and show that Corollary 2.2 is tight: 

THEOREM 2.9: 
91" >  vq- 1. 

Proo~ Following the general approach for establishing lower bounds via Farkas' 

Lenlma, consider the following linear functional L(T) o v e r  metrics r on sn: 

L(T)=  ~ L ~  T(x 'y )  d#nd#n=Ett"xt tn[ 'r (x 'Y)]"  

The value of L on the geodesic metric p of S '~ is, clearly, ~r/2. Consider now an 

arbitrary nonexpanding map f :  S n --~ R and the dominated line metric r induced 
by f on S ~. By a standard argument, 

fo L(r)  = E[T(X, y)] = Prob[T(X, y) _> t] dt. 

Using Corollary 2.8 we get 

L(T) < x / ~ e  - t~("- l ) / s  dt = STr e -y~/2 dy - v ~  - 1 



292 J. MATOUSEK AND YU. RABINOVICH Isr. J. Math. 

If t5 is a convex combination of p-dominated line metrics, the just derived 

inequality implies that /5 distorts p by at least x/~-Z-1/2 (we use the "easy 

direction" of Farkas' Lemma; it is obvious that if/5 distorts p by at most D, 

then L(/5) _> L ( p ) / D ) .  Finally, any metric in/dora(p) is a pointwise limit of such 

convex combinations/5 (see the end of Section 1), and so its distortion is at least 

x/n-Z-I/2 as well. | 

Remark:  We have recently learned that Gromov [11], in his study of the 

concentration properties of metric spaces, uses a technique very similar to the one 

employed by us in getting the lower bounds. While Gromov focuses mainly on 

the Observable Diameter  of metric spaces, our lower bounds are based on (using 

Gromov's terminology) the closely related Observable Mean Distance. Given a 

(compact) metric space p, the Observable Mean Distance of p is defined as the 

maximum possible mean distance of a p-dominated line metric. 

3. Finite  metrics 

This section is the heart of the paper; it deals with establishing sharp bounds 

on the gap between c2(p) and cd~ as a function of the size of the underlying 

metric space. 

We start  with the simpler upper bound. 

THEOREM 3.1: Let  (X, p) be a finite metric space with IX[ = n. T h e n  cd~ = 

Proof'. Clearly, it suffices to show that if the metric space (X,p) is 

/2-embeddable, then cd~ = O(OX/]-~). Assume that  this is the case. By 

the fundamental Johnson-Lindenstrauss Lemma [14], (X, p) is also embeddable 
flog n in pogn with a constant distortion. Applying Claim 2.1 to ~ , we deduce the ~2 

theorem. | 

The lower bound is obtained via a discretization of Theorem 2.9. The line of 

reasoning will mimic that of the previous section. 

Denote by Cap(a, r) _C S n a spherical cap of geodesic radius r centered at a. 

The following lemma allows us to use the ideas from the continuous case in the 

discrete setting: 

LEMMA 3.2: Let  r be a posit ive number  with r < ro for a suitable universal 

constant  ro > O. For any natural n, there exist N = •(1/r)  n+l and a covering 

o f  S '~ by N caps o f  geodesic radius r with the following properties: 
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a. The family of caps {Cap(a, r): a E X} covers S ~. 

b. No point o r s  n is covered by more than 0 = O(n(log n + log 1)) caps in this 

family. 

c. The average geodesic distance between the points of X is 7r/2 + o(1). 

We shall delay the proof of the lemma until later, and show how it is used. Let 

(X, p) be a subset of S n with properties as ensured by Lemma 3.2 for r = 1/v/-n; 

then N = O(n) ~ and 0 = O(nlogn). The size of X is N,  and p is induced 

by the geodesic metric of S '~. Consider the linear form 

1 
L(8) = -~i B 5q =E[5(x,y)], 

i,i~x 

expressing the expected distance between two random points of X. By property 

c., L(p) = ~r/2 + o(1). Our goal is to show that  the value of L(r) on any 

p-dominated line metric r is at most O ( ~ )  = O ( x / l o g l o g N / l o g N ) .  

This, of course, would imply the theorem. 

CLAIM 3.3; Let K be a subset of X.  Then 

1 [K 1 < #n (K r) < 0.  IK[ 
~ " --N - - N '  

where, as before, K r stands for the r-neighbourhood of K. 

Prooi~ Let vr denote the /4 rmeasure  of a spherical cap of geodesic radius r. By 

the properties a. and b., we have 0 > N .  vr > 1. Therefore, 

# ~ ( g  ~) < IgI.v~ < 0. Igl 
- -  - -  N 

On the other hand, 

1 1 IKf 
# , ( K  r) >_ ~ .  ]K[.vr >_ -~. N 

CLAIM 3.4: Let Q c_ X be a subset of X of size ~_ N/2, and let P C_ X be a set 

of points such that 

p(Q,P) > e +  2r +5, 

where 5 = V/(21n20)/(n - 1). Then IPI/N <_ 8. e -e:(n-i)/2. 

Proo~ By Claim 3.3, we have 

1 t Q I >  1 
#n(Q~) -> ~" N - 2-~" 



294 J. MATOUSEK AND YU. RABINOVICH Isr. J. Math. 

Using Lemma 2.6 on the complement of the cap C1/2e, we calculate that the 

radius of C1/2e is at least ~r/2 - 5, and by the Isoperimetric Inequality 2.5, we 

obtain 

�9 eVe+5 ~ ~/8 
r . . . . . . -  

#.(Qr+~+~) _> t~,~t 1/2eJ -> v,~/2+~ _> 1 - e -~2(n-W2. 

Since p r  and Qr+~+~ have disjoint interiors, we have 

#n(P*) _< 1 - #~(Q~+~+~) ___ v ~ e  - d ( ~ - W 2 .  

The claim now follows from Claim 3.3. | 

Finally, we can show a lower bound on the gap between cd~ and c2(p) for 

our (X, p). 

THEOREM 3.5: cd~ = fl(v/logg/loglogN)c2(p). 

Proof'. As we have seen before, it suffices to show that the expected dis- 

tance between two random points of any p-dominated metric line T on X is 

~(v/( log n)/n). Recall that  N = O(n) ~ 

Arguing as in the derivation of Corollary 2.7 from Levy's Lemma (our Lemma 

2.4), and keeping in mind r = 1 /v~ ,  we conclude from Claim 3.4 that all but, 

say, an n -2 fraction of points in f (X) can be covered by an interval of length 

B(x/-~n)/n for a suitable constant B. Consequently, the probability that the 

r-distance between two randomly chosen points of X exceeds Bv/(logn)/n is 

O(n-2) .  Keeping in mind that the maximal r-distance between any two points 

of X is at most ~r, we conclude that  EX• y)] is at most 

B ~ / n  + ~r. Prob [T(x,y) >_ B ~ ]  = Bv/(logn)/n + O ( n  -2) 

= O(v/(logn)/n). 

This concludes the proof of the theorem. | 

4. P r o o f  o f  L e m m a  3.2 

Proof The proof is essentially the same as in Rogers [19] and Erd6s and Rogers 

[8]. Since we have no explicit reference for the exact result we need here, we 

include a proof. The calculations are somewhat simpler than those in [19, 8], 

since a less precise bound is sufficient for our application. 

In the sequel, we may suppose that n is sufficiently large. Let r be given, 

and set ~l = r~ n2. Let vx denote, as before, the #,,-measure of a spherical cap 
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of geodesic radius x. Define N as the smallest integer such that  N .  v ,_ ,  > 

141n(n/v~). Let X = {al, a2,...,aN} be a subset of S n obtained by choosing 

N points independently and uniformly at random. We show that  X satisfies the 

requirements of the lemma with probability close to 1" 

We start with a. 

Let B C_ S n be the set of points not covered by any of Cap(a i , r  - y), i = 

1 , 2 , . . . , N .  The expected #.-measure of B equals the probability of a fixed 

point x E S n being missed by all Cap(ai, r - ~). By definition of N, the latter 

probability is 
(1 - vr_~) IV < e -N 'v~-"  ~_ n - 1 4 v ~ ,  

Thus, by Markov's Inequality, the measure of B is smaller than v,  with proba- 

bility at least 1 - n -14. In such case, the caps Cap(a/, r) cover the entire S n, for 

if x were not covered by any Cap(a/, r), we would have Cap(x, ~/) C_ B implying 

# . ( B )  > v,. 

We continue with b. 

Set 0 -- 5 N .  v~+,. As we shall see later, this 0 is indeed of the correct order of 

magnitude. The expected measure of the subset of points S n covered more than 

0-times by the caps Cap(ai, r + ~1), equals the probability of a fixed x E S"  being 

covered more than t%times. The number of (r + ~])-caps covering x behaves as 

a sum of N independent 0/1 random variables, each of them attaining value 1 

with probability vr+w By Chernoff's Bound (as in Alon and Spencer [1]; see the 

remark above Theorem A.12), the probability of more than t9 caps covering x is 

bounded above by 

e -2N'v~+'/27 ~_ e -2N'v~- ' /27  ~_ e - l n (n / v , )  : i v .  . 
n 

Thus, by Markov's Inequality, with probability at least 1 - 1/n, the fraction of 

the points of S n that are covered more than 0 times by the caps Cap(a/, r + 71) 

is no more than v v. Consequently, no point x is covered more than 0 times by 

the r caps Cap(a/, r), since otherwise the entire Cap(x, 7j) would be covered more 

than 0 times by caps Cap(a/, r + 7/). 

Finally, we show c. 

Define Aij as the distance between ai and aj, i < j .  Then each Aij is a random 

variable with values in the interval [0, 7c] and with distribution symmetric about 

7r/2. Due to the uniformity of S ~, the Aij are pairwise independent. Therefore 

E[~-~ A i j ] =  ( N ) T r / 2  and Var[~-~. A / j ] =  ~ V a r [ A / j ]  = O(N2). 
i ( j  i ( j  i<j 
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Using the Chebysheff Inequality we conclude that the average distance deviates 
from r / 2  by more than O(1/N)  with probability o(1). 

It remains to show that N and 0 of b. are of the claimed order of magnitude. 

In [19], formula (7), it is proved that 

(1) vr _~ ~ sin n+l r. 

From the calculation preceding formula (5) in the same paper, it follows that for 
r < s < r0 with a sufficiently small constant r0 > 0, 

(2) v-! < 2 ( s i n s  ~+i 
vr - \ sin r ] " 

Recall that our ~ is r /n  2. Using (2) and keeping in mind that n is sufficiently 

large, we conclude that 

Hence 

and 

(s in( r  + ~?) ~ n+l 
vr+, <_ 2 k ( ~l) /'sin'r----v" < 4. 
V r - -  ~? 

N < 141n(n/vu) < 4 .14 In (n~%)  
Vr--~? V r  

= . . ( 1 ) n + l  (nl. 5 n+l) O(1) v/n O \ r "  .ln . O ( ~ )  = O ( ~ )  n+l, 

0 --- 5 N .  5 141n(n/Vn)vr+n 
3 vr+, _< ~-  v~-n 

5 . 56.1n n 1"5. O = O(nlogn + nlog(1/r)). 

5. T h e  E u c l i d e a n  c u b e  

In the remaining two sections, we give two examples of non-obvious low-distortion 
embeddings of metric p into/dom(p) and a matching lower bound for one of them. 

The first example is the n-cube {-1 ,  1} '~ equipped with the Euclidean metric 
p. Somewhat surprisingly, it turns out that cd~ is much smaller than x/-~. 

THEOREM 5.1: Consider the hypercube {-1,  1} n, and let p be the Euclidean 
metric on it. Then 

cd~ = O(nl/4). 
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Proof'. Throughout this proof, by v~ we shall mean the function 

v~  = sign(t)lt1112, t e R. 

The approximating metric will be a convex combination of 2 n line metrics, each 

corresponding to some e E {-1 ,  1} '~. The line metric corresponding to ~ is given 

by the embedding Ce: { -1 ,  1} n --+ l~, 

where (.,  , )  denotes the scalar product. Let us start  by showing that  each of 

those metrics is p-dominated. Let x , y  E {-1 ,  1} ~ be two vertices of the cube, 

and let A = y - x. Then 

Ir - r  = ~ - v/(~,~) + (A,~)  _< 12(A,e)I 1/2 < IIAII~. 

(The second inequality follows from 

v'7- ~ _< ~ -  v/-Idl/2 = (2d) ~/~. 

In the last inequality we have used the fact that  each Ai can only take values in 

{ -2 ,0 ,2} . )  

Next, we show that for a constant fraction of the e, we have 

Ir - r > ~ ( n - ~ / 4 )  �9 IIAII2. 

Indeed, it can be shown that for any two given vectors x and A in R'*, and for 

e E {-1 ,  1} n chosen at random, the probability that both [(x,e)I < 2[[xl] 2 and 

1 (one needs only some rough estimations on [(A,e)[ _> �89 is greater than 

the tails of binomial distibutions, obtainable by standard arguments; to avoid 

calculations see, e.g., [10]). Thus, for at least a quarter of the r we have 

]r - r = v ~ , E )  - 4 ( x , c )  + (A,e)  

>_ ~ -  ~12n~i2 + ~IIAII~ = 17(n-'14) �9 II/"ll~. 
t '  

This concludes the proof of the theorem. | 

The bound of Theorem 5.1 is tight. A matching lower bound can be shown 

along the same lines as in the proof of Theorem 2.9. In order to avoid repetitions, 

we describe here the argument only in general lines. 
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Instead of working with {-1,  1} ~, it will be more convenient to work with 
{0, 1} '~. Let p be the Euclidean metric of {0, 1} '~. It is easy to see that the 

expected p-distance between two random points of {0, 1} n is O(x/~). We shall 

argue that for any p-dominated metric ~- on {0, 1} n, this expectation is O(n:/4). 
By Claim 2.3, this would imply the desired lower bound. 

Now, by the Isoperimetric Inequality for the Hamming cube, a discrete ana- 

logue of spherical Isoperimetric Inequality 2.5, the number of vertices of {0, 1} '~ 

at Hamming distance < ~ from a subset A C_ {0, 1} n of size ~ is minimized when 

A is a Hamming ball of size ~ (Harper [13]; also see, e.g., [31 for discussion). 

Also, by the Chernoff Bound (see, e.g., the Appendix of [1]), which can be 

regarded as a discrete analogue of Lemma 2.6, the Hamming ball of radius n/2 + e 
contains at least 1 - e - 2 e 2 / n  fraction of the vertices of {0, 1} ~. 

Combining these two facts and keeping in mind that the Euclidean metric of 

{0, 1}'* is precisely the square root of its Hamming metric, we conclude that 

for any A C {0, 1} n containing half or more of the vertices, and any (f > 0, 

the fraction of vertices whose p-distance from A does not exceed 5 is at least 

1 - e - 2 ~ 4 / n .  This, in turn, allows us to obtain the analogues of Levy's Lemma 2.4 

and of Corollary 2.7 for a nonexpanding function f :  {0, 1} n --+ R, and conclude 

that  the inverse image of the t/2-neighbourhood of f ' s  median contains at least 

1 - 2e -~4/:6'~ fraction of the vertices of {0, 1} ~. This implies an analogue of 

Corollary 2.8, namely that for any p-dominated line metric r and any t > 0, the 
probability that  the T-distance between two random vertices of {0, 1} n exceeds 

t is at most 4e -~4/:6n. We conclude that the expectation of this distance is at 

most 

~o ~ 4e -t4 /:6n dt = O(n :/ 4). 

Remark: Compare with Gromov [11], pp. 195-196, where a similar lower bound 

is shown for the Observable Diameter of the Euclidean cube. 

6. The complete binary tree 

Our second example is the complete binary tree T,~ of height n. Let p be the 

shortest-path metric of T,~. Following the ideas of [18] (a modification of Bour- 

gain's sampling method), we show that cd~ = O(1ogn) (note that we are 

dealing with a space with 2 n vertices, so the distortion is log log of the number 

of vertices). This construction illustrates nicely how the sampling works. Let us 

remark that  c2(p) = O((logn) 1/2) [5] (also see [16]). Currently, we do not know 

what is the correct order of magnitude of/dora(p). 
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Consider T,~ as a continuous structure, in which every edge is a segment of 

length 1. Assume for simplicity that  n is a power of 2. Let r be the root of T~. 

Let i take values 2 ~ 21, 22, . . .  up until n. For each i and each a E [0, i) define 

X~,~ as the set of all points x in the continuous T,~, such that p(x, r) - c~(modi). 

For every Xi,~, consider all the connected components of Tn \ Xi,c,, and for a 

vertex v C V(T,~), let Cv be the component containing v. Let ~ be a vector of 

•  assigning a sign to each component of T,~ \ Xi,~. For each such c (and for 

each i and a),  we define a mapping r = r V(T~) --+ ]R by 

r  =  (cv) �9 p(v, 

Let Ti,~,~ be the corresponding line metric, and let T be the average over all such 

metrics. That  is, every i gets the same weight ~ 1/ log 2 n; for a fixed i, a is 

uniformly distributed; and for fixed i and c~, all possible sign assignments are 

chosen with equal probability. We claim that  T has the desired properties. 

Indeed, the triangle inequality for p implies that each T~,~,~ is a p-dominated 

line metric. On the other hand, let x, y C Tn be a pair of points at distance d, 

and let j be the largest power of 2 such that j < d. Thus, 2j > d > j .  We claim 

that the average distance between x and y taken over all metrics of the type Tj,~,~ 

is O(d). This claim implies that T distorts p by at most log n. 

Observe that x and y are separated by each Xj,(,. If it happens that,  on the one 

hand, p(x, Xj,~) > j / 4  and, on the other hand, x and y get assigned different 

signs by c, we obtain Tj,~,~(X, y) > j / 4  >>_ d/8. However, the two events are 

independent and each happens with probability 1/2. Hence, averaging over all 

the c~ and the c, we get a contribution of at least ~2 d for i = j .  | 

Remark: In the introduction, we have indicated how an embedding of a metric 

p into ld~ with distortion D yields an embedding of p into 12 with distortion 

at mostD. The embedding into ld~ with O(logn) distortion constructed in 

the proof just given is of a special type, and it actully yields an embedding into 

12 with distortion O(lov/ i~)  only (thus, we get another proof, different from [5], 

[16], of the tight upper bound for embedding the complete binary tree into 12). 

The reason is that, for each pair x, y of points, the contribution of the coordinates 

in the embedding is "unevenly d is t r ibuted ' - - there  are about 1/ log n fraction of 

the dominated line metrics, each of them placing x and y at distance ~t(p(x, y)). 

Such a phenomenon was used by Rao [18] for low-distortion embeddings of certain 

graphs (most notably, of planar graphs). 
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7. C o n c l u s i o n  

The main driving force behind this paper is the hope that bounding cd~ 
might be easier than bounding c2(p), and thus good understanding of the struc- 

ture of ldom(p) should prove helpful for understanding embeddings into 12. The 

properties of the polytope/dora(p) deserve investigation. We have hardly touched 

upon the computational aspects of the theory. It is natural to ask whether there 

exists an efficient procedure for computing ldOm(p), or even for deciding whether 

a given T belongs to lid~ All these questions await future study. 
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